Abstract-Cyclic codes are a subclass of linear codes and have wide applications in consumer electronics, data storage systems, and communication systems due to their efficient encoding and decoding algorithms. Cyclic codes with many zeros and their dual codes have been a subject of study for many years. However, their weight distributions are known only for a very small number of cases. In general, the calculation of the weight distribution of cyclic codes is heavily based on the evaluation of some exponential sums over finite fields. Very recently, Li et al. studied a class of -ary cyclic codes of length , where is a prime and is odd. They determined the weight distribution of this class of cyclic codes by establishing a connection between the involved exponential sums with the spectrum of Hermitian forms graphs. In this paper, this class of -ary cyclic codes is generalized and the weight distribution of the generalized cyclic codes is settled for both even and odd along with the idea of Li et al. The weight distributions of two related families of cyclic codes are also determined.
The sequence is called the weight distribution of the code. Clearly, the weight distribution gives the minimum distance of the code and thus the error correcting capability. In addition, the weight distribution of a code allows the computation of the error probability of error detection and correction with respect to some error detection and error correction algorithms [8] . Thus, the study of the weight distribution of a linear code is important in both theory and applications.
An linear code over is called cyclic if implies . By identifying any vector with any code of length over corresponds to a subset of . The linear code is cyclic if and only if the corresponding subset in is an ideal. It is well known that every ideal of is principal. Let , where is monic and has the least degree. Then, is called the generator polynomial and is referred to as the parity-check polynomial of . A cyclic code is called irreducible if its parity-check polynomial is irreducible over . Otherwise, it is called reducible.
The weight distributions of both irreducible and reducible cyclic codes have been interesting subjects of study for many years. For information on the weight distribution of irreducible cyclic codes, the reader is referred to the recent survey [3] . Information on the weight distribution of reducible cyclic codes could be found in [4] , [5] , [11] [12] [13] [14] , and [16] [17] [18] .
Very recently, Li et al. [9] studied a class of -ary cyclic codes whose duals may have arbitrarily many zeros. They determined the weight distribution of this class of cyclic codes by establishing a connection between the involved exponential sums with the spectrum of Hermitian forms graphs. The objectives of this paper are to generalize this class of -ary cyclic codes and settle the weight distribution of the class of generalized cyclic codes for both even and odd along with the idea of Li et al. The weight distributions of two other related families of cyclic codes are also determined. This paper is organized as follows. Section II defines the three families of cyclic codes. Section III presents results on quadratic forms over finite fields, Cayley graphs, and Hermitian forms graphs which will be needed in the sequel. Sections IV and V solve the weight distribution problem for the three families of cyclic codes. Section VI summarizes this paper.
II. THREE FAMILIES OF CYCLIC CODES
In this section, we introduce the three families of cyclic codes to be studied in the sequel. Before doing this, we first fix some 0018-9448 © 2013 IEEE notations which will be used in the remainder of this paper. Let for a positive integer and . Let be a generator of the finite field . Define and for odd for even .
It is easy to prove the following lemma. We omit the proof here. [9] . The objective of this paper is to determine the weight distribution of aforementioned cyclic codes , , and for any prime power and any positive integer . Our work was inspired by the idea of Li et al. [9] .
III. PRELIMINARIES
In this section, we present necessary results on quadratic forms over finite fields, Cayley graphs, and Hermitian forms graphs which will be needed in the sequel. where is the rank of . Quadratic forms have been well studied (see [6] , [7] , and [10] , for example). Here, we follow the treatment in [6] and [7] . It should be noted that the rank of a quadratic form over is the smallest number of variables required to represent the quadratic form, up to nonsingular coordinate transformations. Mathematically, any quadratic form of rank can be transferred to three canonical forms as follows. ; where is the quadratic (multiplicative) character of and is assumed to be 0. It is easy to see from the above classification that a quadratic form is equivalent to Type I or Type III if it has even rank and otherwise is equivalent to Type II. The following result follows directly from Lemmas 3.1 and 3.2.
A. Quadratic Forms Over Finite Fields
Lemma 3.3 [6] , [7] : Let be a quadratic form from to with rank . Define (2) where is a primitive th root of unity. Then, . Moreover, if is even and , then here and hereinafter if is equivalent to Type I and if is equivalent to Type III. Lemma 3.3 will be used to prove that the quadratic forms involved in the next sections must have even rank. Thus, we focus on quadratic forms with even rank in the sequel.
Lemma 3.4 [6] , [7] : Let be a quadratic form from to with even rank . For each and each , let denote the number of solutions to the equation
Then, for each , there are many 's such that and there are many 's such that where runs through . The following two lemmas will be used to prove the main results of this paper.
Lemma 3.5: Let be a quadratic form from to with even rank . Define Proof: According to the definition of , we have (5) where is the number of solutions to (3) Proof: It follows from the definition of that (6) where is the number of solutions to (3) for . According to Lemma 3.4 and the definition of , the values of , as runs through , have the following distribution: times times times.
The conclusion then follows from (6) and the value distribution of .
B. Cayley Graphs and Hermitian Forms Graphs
Let be a finite group and be a subset of . A Cayley graph on with connection set , denoted by , is the directed graph with vertex set and edge set . Let be the character group of . For any , define
. The spectrum of a Cayley graph is the multiset consisting of the eigenvalues of its adjacency matrix. It is well known that any two isomorphic Cayley graphs have the same spectrum. When is abelian, the spectrums of the Cayley graph are completely determined by the character sums over .
Lemma 3.7 [9] : Let be a finite abelian group and be a Cayley graph on with connection set . Then, each character of corresponds to an eigenvector for with eigenvalue , where is the adjacency matrix of , and the spectrum of is exactly the multiset . We now give a brief introduction to Hermitian forms graphs. Before doing this, we recall the notation of Hermitian matrix. [1] and [15] for details). It is known that Hermitian forms graphs on form a class of distance regular graphs and have the following spectrum distribution.
Lemma 3.9 [1] : Let . Then, the Hermitian forms graph over , i.e., the Caylay graph , has the following eigenvalues:
and the frequencies of these eigenvalues are given by (7) where denotes the Gaussian binomial coefficients with basis . We shall point out that the results in Lemma 3.9 hold for both even and odd . Hence, Lemma 3.9 is applicable no matter is even or odd.
IV. WEIGHT DISTRIBUTIONS OF , , AND FOR EVEN

A. Weight Distribution of for Even
Let . Recall that the parity-check polynomial of is given by (1) . Using the well-known Delsarte's theorem [2] , the code can be expressed as (8) in which the codeword (9) For the sake of simplicity, we denote and
It is easy to check that is a quadratic form from to . In terms of exponential sums, the Hamming weight of the codeword of (9) is equal to (11) where Thus, we only need to determine the value distribution of . Note that the function of (10) is a quadratic form in variables over . According to Lemma 3.5, it is sufficient to calculate the rank distribution of as runs through . This can be achieved by using the following result. (14) Then, as runs through , the value distribution of the exponential sum is given by where and is given by (7). Proof: Let and be the two isomorphic Cayley graphs mentioned in Lemma 4.1. We now On the other hand, by Lemma 4.1, has the same spectrum as . The value distribution of then follows from (15) and Lemma 3.9.
Lemma 4.4: Let be the quadratic form defined by (10) . Then, the rank of is equal to for some . Furthermore, the number of such that the rank of is is equal to , where is given by . Proof: The conclusion follows directly from Lemmas 3.3 and 4.3.
Theorem 4.5: When is even, is a cyclic code over , and has the weight distribution listed in Table I .
Proof: The weight distribution of follows directly from (11), and Lemmas 4.4 and 3.5.
Example 4.6: Let and . Then, the code is a code over with the weight enumerator which confirms the weight distribution in Table I . Example 4.7: Let and . Then, the code is a code over with the weight enumerator which confirms the weight distribution in Table I . Table I .
B. Weight Distribution of for Even
Theorem 4.9: When is even, is a cyclic code over and has the weight distribution listed in Table II .
Proof: According to the definition of and Delsarte' s theorem [2] , we have where is given by (8) . Then, the weight of a codeword in is (16) where is given by (14) and the second identity followed from Lemma 3.3 since due to Lemma 4.3. The desired conclusion then follows from (16) Table I.  2) is a cyclic code over and has the weight distribution listed in Table II.  3) is a cyclic code over and has the weight distribution listed in Table III . Proof: The proof of this theorem is similar to those of Theorems 4.5, 4.9, and 4.13. The details of the proof are omitted.
Example 5.4: Let and . Then, the code is a code over with the weight enumerator which confirms the weight distribution in Table I .
Example 5.5: Let and . Then, the code is a code over with the weight enumerator which confirms the weight distribution in Table II . Example 5.6: Let and . Then, the code is a code over with the weight enumerator which confirms the weight distribution in Table III. VI. SUMMARY
In this paper, we generalized the -ary cyclic codes described in [9] and determined the weight distribution of this class of cyclic codes over for both even and odd , where is any power of . In addition, we found the weight distributions of two other related families of cyclic codes and .
